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Abstrat
We study the time dependene of maximal spanning trees and asset graphs based
on orrelation matries of stok returns. In these networks the nodes represent om-
panies and links are related to the orrelation oeients between them. Speial
emphasis is given to the omparison between ordinary and denoised orrelation ma-
tries. The analysis of single- and multi-step survival ratios of the orresponding
networks reveals that the ordinary orrelation matries are more stable in time than
the denoised ones. Our study also shows that some information about the luster
struture of the ompanies is lost in the denoising proedure. Cluster struture that
makes sense from an eonomi point of view exists, and an easily be observed in
networks based on denoised orrelation matries. However, this struture is some-
what learer in the networks based on ordinary orrelation matries. Some tehnial
aspets, suh as the random matrix denoising proedure, are also presented.
Key words: Eonophysis, nanial networks, maximal spanning trees, orrelation
matries
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1 Introdution
In nanial markets, the performane of a ompany is very ompatly har-
aterised by the prie of its stok. This single number reets the olletive
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opinion of the markets about the value of the ompany at that spei mo-
ment. As time evolves, the ompanies and the huge number of fators aeting
their values interat with eah other. These interations are not exatly known
and annot typially be measured diretly. However, a lot of information about
them is stored in the historial time series of stok pries and in the orrela-
tions between them. Unfortunately, these time series are typially very noisy
and therefore advaned methods are needed to identify real information (see
[1℄ and [2℄ for an overview).
In this paper, we study the dynamis of nanial markets from the network
point of view. In this approah ompanies are denoted by nodes and the in-
terations between them by links. This approah has, during the reent years,
proven to be extremely fruitful in the analysis of a wide range of omplex
systems [3, 4, 5, 6℄. Sometimes the links are onsidered as "binary", in whih
ase it must be assumed that the pure topology of the network arries all the
relevant information about the system in question. Often, this is not enough
and therefore the study of weighted networks, in whih a weight representing
the interation strength is assigned to eah link, has reently been given a lot
of attention.
The network approah was introdued in the study of nanial markets by
Mantegna [7℄, who dened a orrelation-based distane between pairs of stoks
and was able the identify groups of stoks that make sense also from an eo-
nomi point of view by using minimal spanning trees. Later, his work has been
extended by Bonanno et al. [8, 9, 10℄, Onnela et al. [11, 12℄ and Coelho et al.
[13, 14, 15℄. The metri used by Mantegna is a dereasing funtion of the orre-
lation oeient between a pair of stoks. Therefore, a minimal spanning tree
based on this metri is idential with the maximal spanning tree based on the
orrelation oeients, whih is the onept used in this paper. Other network
related methods that have been used in identifying groups of strongly inter-
ating ompanies inlude the asset graph approah [16, 17, 18℄ and methods
based on the super-paramagneti Potts model [19℄, maximum likelihood opti-
mization [20℄ and planar maximally ltered graphs [21, 22℄. Several nanial
markets have been studied from these points of view.
Networks desribing nanial markets are almost always onstruted suh that
the links and link weights are losely related to the observed equal-time or-
relations between the historial return time series of the stoks. Due to the
niteness of the time series the determination of these orrelations is noisy
and the resulting orrelation matrix is to a large extent random. This brings
up the need to redue noise for whih a frequently applied tool is the random
matrix denoising [23, 24, 25℄. This tool strongly relies on the fairly well estab-
lished assumption that the real information is ontained in a few eigenpairs of
the orrelation matrix [17, 26, 27, 28, 29℄ (see [2℄ or [30℄ for an overview) and
it an be straightforwardly utilized in portfolio optimization in whih orre-
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lations traditionally serve as main inputs together with the return estimates
[31℄.
In this paper, we study the dynamis of denoised and nondenoised orrelation
matries of stok returns using network-based methods. We extend the work
of Onnela et al. [11℄ in the analysis of dynamis of nondenoised orrelation
matries and perform all the analysis also for denoised orrelation matries.
Emphasis is given to the omparison between the denoised and nondenoised
matries as well as to the analysis of the time evolution and stability of the
most relevant quantities. All these things relate losely to the use of historial
data in prediting future orrelations of nanial assets, whih has, at least
from the point of view of an investor, many interesting appliations. We begin
by reviewing the basi struture of nanial orrelation matries, the random
matrix denoising proedure and the onstrution of the networks. Then, we
move to the study of the maximal spanning trees and asset graphs and nally,
analyse the results from the business point of view. A short summary is given
in the last setion.
2 Basis of nanial orrelation matries
The equal time orrelation matrix C of the logarithmi asset returns an be
estimated by
Cij =
〈rirj〉 − 〈ri〉〈rj〉√
[〈ri2〉 − 〈ri〉2][〈rj2〉 − 〈rj〉2]
, (1)
where ri is a vetor ontaining the logarithmi returns of asset i. Clearly, the
orrelation matrix of N assets has eetively N(N − 1)/2 entries. Assuming
that it is determined using time series of length T and T is not very large
ompared to N , these entries are noisy. Beause of this, empirial orrelation
matries of asset returns are usually to a large extent random and their spetral
properties are very similar to those of purely random matries [26, 27, 28, 29℄.
Here, by a purely random matrix, we mean a matrix onstruted using Eq. (1)
suh that the elements of ri are independent identially distributed Gaussian
variables. In this ase C is the Wishart matrix and its eigenvalue density
onverges as N →∞, T →∞, while N/T ≤ 1 is xed, to [32, 33℄
ρW (λ) =


T/N
2piσ2
√
(λ
max
−λ)(λ−λ
min
)
λ
if λ
min
≤ λ ≤ λ
max
0 else
(2)
λ
max/min
= σ2
(
1±
√
N/T
)2
, (3)
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where σ2 = 1 due to the normalization in Eq. (1) 1 . In empirial ases, sig-
niant deviations from Eq. (2) an usually be onsidered as signs of relevant
information. This is a fundamental assumption behind the random matrix
denoising method presented in the next setion.
Due to the work presented e.g. in [17, 26, 27, 28, 29, 34℄ we know that, af-
ter ranking the eigenvalues in dereasing order, the eigenpairs of orrelation
matries of asset returns an be lassied as follows:
(1) The lowest ranking, i.e., smallest eigenvalues, do not belong to the ran-
dom part of the spetrum. The orresponding eigenvetors are highly
loalized, i.e., only a few assets ontribute to them.
(2) The next lowest ranking eigenvalues (about 90-95 % of all eigenvalues)
form the bulk of the spetrum. They, or at least most of them, orre-
spond to noise and are well desribed by random matrix theory.
(3) The highest ranking eigenvalue is well separated from the bulk and or-
responds to the whole market as it is pratially diretly proportional
to the mean of the orrelations and the orrespondnig eigenvetor has
roughly equal omponents.
(4) The next highest ranking eigenvalues and the orresponding eigenve-
tors also arry information about the real orrelations and are related to
lusters of strongly interating assets. The randomness present in these
eigenpairs inreases rapidly together with dereasing rank (on average).
3 Random matrix denoising and onstrution of the networks
Our data set onsists of the split and dividend adjusted daily losing pries
of N = 116 NYSE-traded stoks and extends from the beginning of year 1982
to the end of year 2000. The equal time orrelation matries of logarithmi
returns C(t) are determined using Eq. (1) and time windows of width T =
1000 trading days, orresponding to approximately four alendar years. These
time windows are moved through the time series, whih allows us to study
the dynamis of the market orrelations. The denoising of the orrelation
matries is arried out with the standard random matrix denoising method
[23, 24, 25, 26, 27℄ presented in the following.
The idea of the denoising method, also known as eigenvalue leaning and rst
suggested in [26, 27℄, is to replae the eigenvalues orresponding to noise (i.e.
group (2) above) with a unique eigenvalue suh that the trae of the matrix is
preserved. The rst step is to deide whih eigenpairs are onsidered as or-
responding to noise. This is a highly non-trivial task, sine from our previous
1
Without the normalization, σ2 would be the variane of the variables.
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work [17℄ and the work by Plerou et al. [29℄ it is known that there are no
strit borders between the random and non-random parts of the spetrum.
A popular way is to use λ
max
and λ
min
(or only λ
max
) dened in Eq. (3) to
determine the borders. However, one has to take into aount that not all the
eigenvalues orrespond to noise and therefore the value of σ2 has to be aord-
ingly modied. Quite often, only the ontribution of the largest eigenvalue λ1
is taken into aount, whih leads to σ2 = 1 − λ1/N . A more sophistiated
way is to t Eq. (2) to the observed distribution of eigenvalues using σ2 as
an adjustable parameter, as suggested in [26℄, and then use the optimal value
of σ2. A feature usually not taken into aount in this approah is that for
nite N the theoretial borders λ
max/min
beome blurred, i.e., the probability
of eigenvalues outside the interval [λ
min
, λ
max
] is no longer equal to zero.
In this paper one of the main themes is the stability of the orrelation matries.
To keep the artiial soures of instability as simple as possible, we have
hosen an approah whih impliitly assumes that the dimensionality of the
data remains onstant as time evolves. We onsider, at eah time step, the
lowest and the ten highest ranking eigenvalues as the information arrying
ones
2
. This deision is based on our previous work with the same data set
[17, 34, 35℄, whih suggests that the set of ranks of the information arrying
eigenpairs is relatively stable as a funtion of time. Through the work by Kim
et al. [18℄, we also know that the struture of the denoised matrix is not very
sensitive to the inlusion or exlusion of a few eigenpairs around λ
max
. During
large market rashes, suh as the one on Blak Monday (Otober 19, 1987),
the mean orrelation is very high and the market is relatively well desribed
by the highest eigenpair. In this ase, the dimensionality of the data may be
lower than on average and as a result our denoised orrelation matrix may
inlude a few random eigenpairs. This, however, is not that worrisome as all
the information is still inluded and most of the noise ltered out.
After the set of information arrying eigenpairs has been determined, the
denoising proedure ontinues as follows. We start by expanding the ordinary
orrelation matrix as
C(t) =
N∑
i=1
λi|λi〉〈λi| =
∑
i∈I
λi|λi〉〈λi|+
∑
i∈Ir
λi|λi〉〈λi|, (4)
where I denotes the index set of the information arrying eigenpairs and Ir
2
If the method desribed in the previous paragraph was used with σ2 = 1− λ1/N ,
on average 9.48 eigenpairs would be inluded.
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the index set of eigenpairs orresponding to noise
3
. Now, by dening
ξ =
Tr C(t)−∑i∈I λi
|Ir| =
∑
i∈Ir λi
|Ir| , (5)
where | · | denotes the number of elements in the set, we an write the denoised
matrix as
C˜(t) =
∑
i∈I
λi|λi〉〈λi|+
∑
i∈Ir
ξ|λi〉〈λi|. (6)
The reader should notie that if our assumption about the randomness of the
eigenpairs with indies in Ir is valid, the denoising has only little eet on
the mean of the matrix elements, and also that the diagonal elements are no
longer equal to unity, although the trae of the matrix is preserved. Therefore
it is perhaps more natural to onsider C(t) as the ovariane matrix of the
time series resaled to have a unit variane and C˜(t) as the orresponding
denoised ovariane matrix
4
.
The approah taken in this paper is based on the simple orrelation matrix
estimator dened in Eq. (1). More sophistiated estimators exist as well  of
these, the most widely used one is based on exponential moving averages (see
e.g. [2℄ or [36℄). A similar denoising proedure an also be applied for this
estimator [24, 37℄. See, e.g., [38℄ for omparison between the most popular
estimators from the point of view of portfolio optimization.
In the following setions we study the dynamis of the above dened matries
C(t) and C˜(t) from the network point of to view. To do this, we transform the
matries to weight matries representing simple undireted weighted networks
by dening the o-diagonal elements as
W ij(t) = |Cij |, W˜ ij(t) = |C˜ij | (7)
and setting W ij(t) = W˜ ij(t) = 0. The eet of this transformation to the
luster struture of ompanies is shown to be small in [19℄ and the transfor-
mation is motivated by the fat that many network harateristis are dened
for positive link weights only. From the point of view of network theory, it
an be justied by interpreting the absolute values as measures of interation
strength without onsidering whether the interation is positive or negative.
Sine the few negative elements of C(t) and C˜(t) have very low absolute val-
ues, the transformation has only a very small eet on the asset graphs and no
eet at all on the maximal spanning trees studied later in this paper. If this
3
Here, I = [1, 2, . . . , 10, 116] and Ir = [2, 3, . . . , 115], if the eigenvalues are sorted
aording to dereasing rank.
4
Naturally, this ovariane matrix ould be further transformed into a orrelation
matrix by setting Cˆij = C˜ij/
√
C˜iiC˜jj as is done in [25℄.
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was not the ase, one should rather use the real values of the orrelations in-
stead, although some network harateristis annot then be straightforwardly
applied.
In the rest of the paper we refer to W (t):s as the sequene of original networks
(SON) and to W˜ (t):s as the sequene of denoised networks (SDN). Both these
sequenes onsist of 3788 elements, suh that the time step between suessive
elements is one trading day.
4 Maximal spanning trees
We begin our analysis by onsidering the maximal spanning trees of the net-
works, dened as trees onneting all the N nodes of a network with N − 1
links, suh that the sum of the link weights is maximized. We reprodue some
of the results presented in [11℄ for MSTs based on SON and ompare them
with the same results for the orresponding MSTs based on SDN. In addition,
the overlap between the two MST sequenes is analysed with emphasis on its
stability as a funtion of time.
First, let us investigate the overlap of the MST sequenes, dened here as the
number of links present in the elements (trees) of both sequenes at a ertain
time step divided by N − 1 (i.e., the total number links in a tree). The mean
of the overlap over time is 0.5012, whih an be onsidered quite high, taking
into aount that the number of links in the trees (N−1) is only 1.72 % of the
total number of links (N(N − 1)/2) of the weight matries. As expeted, the
links belonging to both MSTs at a ertain time step are on average stronger
than the links belonging to only one of them
5
. From Fig. 1, in whih the time
development of the overlap is depited, we see that the overlap utuates a
little between the extremes of 0.40 and 0.65.
The mean link weights of the MSTs are depited in the left panel of Fig. 2
as funtions of time together with the mean weights of the full networks. As
expeted, the links of the MSTs are, on average, stronger than the links in the
underlying networks. However, perhaps a little surprisingly, the links of the
MSTs based on SON are learly stronger than the links of the SDN MSTs.
This indiates that some information about the strongest links is found in the
random part of the spetrum as suggested in [39℄. The outstanding plateau in
the lines is a onsequene of Blak Monday, a large market rash on Otober
19, 1987.
5
The average weight of the links belonging to the MSTs based on SON is 0.4513
and the average weight of the links that also belong to the orresponding MST based
on SDN is 0.4757
7
Although most of the links belonging to the MSTs are quite strong, some weak
links are often also inluded due to the onnetedness requirement
6
. To study
the dierenes between the link weights in eah MST, we dene the oherene
Q(t) [40℄ of a set of links as the ratio of the geometri to the arithmeti mean
of the link weights:
Q(t) =
L
(∏
(ij)∈Lwij
)1/L
∑
(ij)∈L wij
, (8)
where L denotes the set of links and L = |L| is the number of links in L.
Clearly, Q ∈ [0, 1] and it is lose to unity only if the link weights do not
dier muh. The oherenes of the MSTs and the full networks are depited
in the right panel of Fig. 2 as funtions of time. The MSTs are signiantly
more oherent than the full networks and, interestingly, the denoised networks
are slightly more oherent than the original ones. The latter is probably due
to the same dierenes between the distributions of the link weights as the
dierene between the mean link weights of the MSTs seen in the left panel.
The oherenes of the MSTs are far more stable than the oherenes of the full
networks. This is due to the relatively very large utuations in the weights
very lose to zero. These links are almost never present in the MSTs, whih
also explains the higher average oherene; already one link weight very lose
to zero is enough to make the oherene very small.
Next, we analyse the stability of the MSTs. We dene the single-step survival
ratio [11℄ of a network with L links as the fration of links ommon in two
onseutive networks as a funtion of time:
σ(t) =
1
L
|L(t) ∩ L(t+ 1)|, (9)
where L(t) denotes the set of links. Correspondingly, we dene the multi-step
survival ratio as the fration of links ommon in k + 1 onseutive networks:
σ(t, k) =
1
L
|L(t) ∩ L(t+ 1) ∩ . . . ∩ L(t+ k)|. (10)
To demonstrate how these quantities behave as a funtion of time, we show
the single-step survival ratios as well as the multi-step survival ratios with step
length k = 20 for both MSTs in Fig. 3. Clearly, there are some utuations
and two sudden drops due to Blak Monday, but on average, all the survival
ratios are quite high. A more areful analysis reveals that the survival ratios
are, on average, slightly higher for the original network than for the denoised
6
For instane, some mining ompanies orrelate relatively weakly with the rest of
the markets. However, at least one link must onnet the nodes orresponding to
these ompanies to the rest of the MST and therefore at least one weak link is
inluded.
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one in both ases. A further analysis, illustrated in Fig. 4, shows that the
dierene widens when k is inreased. This is probably due to the fat that
the eigenpairs orresponding to ranks ten and eleven hange ranks from time
to time whih results in a signiant hange in the denoised network
7
. The
number of these naturally ourring events inreases as a funtion of k.
Now, let us turn bak to the overlap of the MSTs and dene the single-step
overlap survival ratio of sequenes of two networks with link sets L1(t) and
L2(t), for whih |L1(t)| = |L2(t)| = L as
σo(t) =
1
L
|L1(t) ∩ L1(t+ 1) ∩ L2(t) ∩ L2(t+ 1)|, (11)
Correspondingly, we dene the multi-step overlap survival ratio as
σo(t, k) =
1
L
|L1(t)∩L1(t+1)∩. . .∩L1(t+k)∩L2(t)∩L2(t+1)∩. . .∩L2(t+k)|.
(12)
The mean σo(t) and σo(t, 20) for the MSTs are 0.4888 and 0.4000, respetively.
Keeping in mind that the mean overlap of the MSTs is 0.5012, these numbers
are very high indiating that the set of links belonging to both MSTs is very
stable. For larger k, the mean single-step overlap survival ratio naturally de-
reases. For k = 100, it is still 0.2672, but for k = 1000 it has almost vanished,
having the value of 0.0229 that orresponds to 2.6323 links.
5 Asset graphs
In this setion we ontinue the study of the two sequenes of networks using
the asset graph approah [16℄, whih has proven to be very fruitful espeially
in the analysis and identiation of groups of strongly orrelating stoks [17,
18, 34℄. Again, emphasis is given on the stability related issues as well as on
the omparison of the two sequenes.
An asset graph is onstruted by sorting the links of a network aording to
their weights and inluding only a set fration of the links, starting from the
strongest one. The emerging network an be haraterised by a parameter
p, whih is the ratio of the number of inluded links to the number of all
possible links, N(N−1)/2. It is known that for small values of p the strongest
lusters of stoks an be identied as isolated omponents in the asset graphs
and hene this approah has been used in studying the modular struture
of orrelation-based nanial networks [16, 17, 18, 34℄. We return to this in
7
Remember that we onsider at all time steps the eigenpairs with ranks between
11 and 115 to be random.
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setion 6. However, let us rst study the more general properties of the asset
graphs onstruted from our networks.
Fig. 5 depits the mean survival ratios of the asset graphs as funtions of p for
dierent step lengths k. For p = 1 the networks are full, i.e., all the links are
present and thus the survival ratios are equal to unity with all step lengths. For
very small values of p, the mean survival ratios are surprisingly high, taking
into aount that already very small hanges in the ranks of the links result in a
signiant drop due to the small total number of links present in the networks.
Also, very interestingly, the mean survival ratios of the asset graphs based on
the original network have a lear peak in the interval p ∈ [0.01, 0.03]. This
is the interval in whih the modular struture of the network is most learly
visible [16, 17, 34℄ and the observed peak suggests that the intramodular links
are more stable than the rest of the links. Surprisingly, no suh peak exist
for the asset graphs based on the denoised network, however, we still see a
deetion point, whih sharpens with dereasing k. For larger values of p, the
randomness of the inluded links inreases and all the mean survival ratios
inrease very smoothly towards unity.
In Fig. 6, we show the multi-step survival ratios with k = 20 for hosen asset
graphs based on the original network as a funtion of time. In the upper
left panel, in whih the asset graph is very sparse (p = 0.005), we see quite
large utuations. This was expeted, as the number of links is small, and
onseutively, every surviving/vanishing link has a large eet on the survival
ratio. For larger values of p the utuations are smaller. However, the two
sudden drops aused by the Blak Monday remain learly visible.
Previously, we have studied asset graphs based on networks, from whih the
ontribution of random eigenpairs has been totally ltered out by setting ξ = 0
in Eq. 6 [17℄. In this ase, the overlap between the asset graphs based on the
original and the asset graphs based on the denoised network has a signiant
peak around p = 0.025. Quite surprisingly, suh a peak does not exist in the
overlap between the asset graphs studied in this paper, shown in the left panel
of Fig. 7 (solid line). However, we again see a rapid inrease up to relatively
high overlap values, followed by a deetion point and slower inrease. In the
same panel, we also show the overlap survival ratios for hosen values of step
length k. The single-step overlap survival ratio is almost equal to the overlap
regardless of the value of p and the other overlap survival ratios an also be
onsidered high. This indiates that the intersetion between the sets of links
of the asset graphs is quite stable with respet to time. To further demonstrate
the behaviour of the overlap, we show it as a funtion of time for hosen values
of p in the right panel of Fig. 7. Again, as expeted, the smaller the value of
p the larger the utuations. When p is high enough (but not too high), the
utuations beome so small that the eets of Blak Monday an be seen as
a distint plateau (see the plot orresponding to p = 0.5).
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6 Comparison with business setors
As already mentioned in setions 4 and 5, it is known that the branhes of
the MSTs based on SON roughly orrespond to business setors and that
with small values of p most business setors are seen as strong lusters in
asset graphs. In this setion we take a areful look at these properties and,
again, ompare the results for SON and SDN. We start our analysis from a
quantitative point of view and end it with illustrative snapshots of the MSTs
and asset graphs for hosen values of p. Our lassiation of business setors,
in whih the nodes of our networks are divided into twelve separate groups, is
taken from Forbes [41℄.
We start our analysis from intrasetor links, i.e., links onneting nodes be-
longing to same business setor. As expeted, the mean weight of the intra-
setor links is learly higher than the mean weight of all links. This is shown
in the left panel of Fig. 8. Interestingly, the intrasetor links are on aver-
age slightly stronger in the original network, whih again suggests that some
meaningful information is lost in the denoising proedure. In the right panel of
Fig. 8 we show the oherenes of the intrasetor and all links of our networks
as funtions of time. The means of the oherenes are pratially equal and
the utuations are also very similar. The mean weights and oherenes for
the intrasetor links are further analysed in Table 1, in whih they are shown
for eah setor separately. Capital Goods is the only setor with weaker than
average intrasetor links (in both original and denoised network.). The oher-
ene is lower than average in the Basi Materials and Healthare setor in
both of the networks and in the Transportation setor in the original network.
However, lear dierenes are again seen, when the relation between MSTs
and the lassiation are studied. This is done in Fig. 9, in whih the relative
numbers of intrasetor links in the MSTs are shown as funtions of time. We
see that the number of intrasetor links is higher in the MSTs based on the
original network, whih was expeted due to the higher mean weight of the
intrasetor links. The slight upward trend as a funtion of time may be due
to the fat that we use the lassiation as per the end of the time series. The
MSTs at a spei time step (time window from 13-Jan-1997 to 29-De-2000)
are illustrated in Fig. 10. The MST based on SON is shown in the left pan-
els and the MST based on SDN in right ones. The branhes of both MSTs
orrespond quite well to business setors, though their strutures are learly
dierent. The branhes of the MST based on SON are on average signiantly
longer than the branhes of the MST based on SDN. In the latter one most
branhes are formed by a entral node and surrounding leaves.
Now let us move to the asset graphs. The average numbers (over time) for
intrasetor links in the asset graphs are depited in Fig. 11 as funtions of
p. For small values of p the average number of intrasetor links is very high
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ompared to a random referene for both SON and SDN. However, it is again
slightly higher without the denoising. When p is inreased, the relative number
of intrasetor links dereases smoothly and the gap between the original and
denoised networks narrows down. A similar plot for eah of the twelve setors
is shown in Fig. 12. The dierenes between the setors are very large. As
a general rule, one might say that the dierenes between the original and
denoised networks are smaller in the setors with stronger intralinks. It also
seems that the denoising does not make any module signiantly stronger,
but destroys a lot of information about some of the modules. The latter is
espeially the ase with the Capital Goods, Consumer Cylial, Servies and
Tehnology setors. It seems that a lot of information about these setors is
ontained in the eigenpairs orresponding to the random part of the spetrum.
The gray links in Fig. 10 depit the asset graphs for p = 0.025 (upper panels)
and p = 0.05 (lower panels) for both SON (left panels) and SDN (right panels)
at a hosen time step. For p = 0.025 both asset graphs orrespond to the
MSTs very well and most links are indeed within the business setors. For
p = 0.05 the asset graph based on SON seems to orrespond better to the
MST. However, the number of intrasetor links is only 3% higher than in the
asset graph based on SDN.
7 Summary and onlusions
We have studied the time evolution of maximal spanning trees and asset graphs
based on nanial orrelation matries. We have disussed the random matrix
denoising proedure, and analysed its eets on the aforementioned networks.
It turns out that networks based on ordinary orrelation matries are more
stable in time than the ones based on denoised matries. This is probably due
to the fat that there are hanges in the ranks of the eigenpairs as time evolves;
note that it would be interesting to study the sensitivity of our result to the
number of eigenpairs expliitly inluded in the denoising proedure. Our study
also shows that the orrespondene between business setors and the struture
of maximal spanning trees and asset graphs based on denoised orrelation
matries is rather high, however, not as high as without the denoising. Thus,
some information about the luster struture of the market partiipants seems
to be lost in the random matrix denoising proedure.
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Fig. 1. The overlap (i.e. the fration of ommon links) of the MSTs based on the
original and denoised networks. Mean overlap = 0.5012.
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Fig. 2. Left: The mean link weights of the original and denoised networks (thin
solid and dotted lines respetively) as well as the orresponding MSTs (bold solid
and dotted lines orrespondingly) as a funtion of time. The mean link weights in
the full networks are pratially idential as expeted (see setion 3). Right: The
oherenes of link weights of the original and denoised networks (thin solid and
dotted lines respetively) as well as the orresponding MSTs (bold solid and dotted
lines orrespondingly) as a funtion of time.
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Fig. 3. Upper left: The single-step survival ratio of the MSTs based on SON as a
funtion of time. Lower left: The single-step survival ratio of the MSTs based on
SDN. Upper right: The multi-step survival ratio (k=20) of the MSTs based on SON.
Lower right: The multi-step survival ratio (k=20) of the MSTs based on SDN.
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Fig. 4. The average multi-step survival ratios for the MSTs based on SON (solid
line) and SDN (dashed line) as funtions of step length k.
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Fig. 5. The mean survival ratios of the asset graphs based on the original (solid lines)
and denoised networks (dashed lines) as funtions of p for dierent step lengths k.
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Fig. 6. The multi-step survival ratios with step length k = 20 of asset graphs based
on the original network as a funtion of time for dierent values of p.
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Fig. 7. Left: The mean overlap of the asset graphs as a funtion of p (solid line)
together with the mean multi-step overlap survival ratio for dierent values of step
lengths k (dotted lines). Right: The overlap of the asset graphs as a funtion of time
for dierent values of p.
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Fig. 8. Left: The mean weights of the links in the original and denoised networks
(thin solid and dotted lines respetively) as well as the intrasetor links (bold solid
and dotted lines orrespondingly) as a funtion of time. Right: The oherenes of
the weights of all links in the original and denoised networks (thin solid and dot-
ted lines respetively) as well as the intrasetor links (bold solid and dotted lines
orrespondingly) as a funtion of time.
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Fig. 9. The relative number of intrasetor links in the MSTs based on the original
(solid line) and denoised (dotted line) networks. The relative number of intrasetor
links is alulated by dividing the number of intrasetor links by the highest possible
number of intrasetor links.
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Fig. 10. The MSTs based on SON (left panels) and SDN (right panels) together
with the asset graphs for p = 0.025 (upper panels) and p = 0.05 (lower panels) at a
hosen time step (time windom from 13-Jan-1997 to 29-De-2000), shown with the
Forbes lassiation of stoks. The asset graphs are depited with gray links and the
MSTs with blak. The overlap of the MSTs is bolded.
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Fig. 11. The average number of all intrasetor links in asset graphs based on the orig-
inal (solid line) and denoised (dotted line) networks. The number has been normed
by dividing it with the expeted number of intrasetor links, if the link weights were
sued randomly.
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Fig. 12. The average number of intrasetor links in asset graphs based on the original
(solid line) and denoised (dotted line) networks. The number has been normed by
dividing it with the expeted number of intrasetor links, if the link weights were
shued randomly. The number in the title of eah panel denotes the number of
nodes belonging to the setor.
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mean weight mean oherene
setor (size) original denoised original denoised
Basi Materials (13) 0.296 0.292 0.829 0.834
Capital Goods (7) 0.248 0.237 0.941 0.97
Conglomerates (6) 0.376 0.365 0.978 0.986
Consumer/Cylial (7) 0.281 0.267 0.93 0.96
Consumer/Non-Cylial (9) 0.351 0.34 0.951 0.962
Energy (11) 0.4 0.394 0.968 0.98
Finanial (6) 0.396 0.362 0.972 0.981
Healthare (11) 0.341 0.33 0.869 0.879
Servies (12) 0.298 0.293 0.95 0.965
Tehnology (13) 0.284 0.28 0.937 0.948
Transportation (8) 0.335 0.321 0.89 0.914
Utilities (13) 0.352 0.348 0.927 0.937
all intrasetor links 0.326 0.318 0.897 0.909
all links 0.254 0.254 0.899 0.906
Table 1
The mean weights and oherenes of intrasetor links. Classiations aording to
Forbes [41℄.
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